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Abstract 

(N , 

!>■ \ Two different two-loop relations between the pole- and the MS-mass of the top 

quark have been derived in the literature which were based on different treatments 
' of the tadpole diagrams. In addition, the limit My^/rri^ — > was employed in one 

, of the calculations. It is shown that, after appropriate transformations, the results 

of the two calculations are in perfect agreement. Furthermore we demonstrate that 
<^ • the inclusion of the non-vanishing mass of the VF-boson leads to small modifications 

^ ! only 

ix. 

The so-called p-parameter, originally introduced in 0, plays an important role in precision 
^ . tests of the Standard Model. The dominant contribution from virtual bottom and top 
quarks, Apf, is of order GpTuf and was originally evaluated in j2]. During the years, and 
with increasing experimental precision, the calculation of Apt has in a first step been pushed 
to two-loops, including QCD effects of order agGFrnl j3j and purely electroweak corrections 
of order {Gprnfy 4j. In a next step, the three-loop QCD corrections were evaluated 
in 13 in]. Recently the two remaining three-loop contributions, of order ^^(Gj^m^)^ and 
{GFmfY, were evaluated. The approximation mf ^ was employed, corresponding 

to the "gaugeless" limit of the electroweak theory or, in other words, to a spontaneously 
broken Yukawa theory. In [7j the mass of the Higgs boson was kept as an independent 
parameter. Together with the results of |H|, where the special case Mh = was considered, 
this completes the prediction for Apt in three-loop approximation. 

In jTJ IH] Apt was first evaluated in the MS scheme. This reduces the problem to the 
calculation of vacuum diagrams which were evaluated with the help of the computer-algebra 
programs MATAD [5] and EXP |20J. In a second step, the MS-result was transformed to the 
on-shell scheme using the MS to on-shell relations of the top quark mass of order asGpm'f 
and {Gprn^Y respectively for the two problems of interest. This relation is available in 
analytic form for the special cases Mh = |8| and Mh = rrit [7\. For the generic case. 
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with arbitrary M^, it was obtained by employing suitable expansions around the point 
Mh = TTLt and in the limit of large Higgs mass. 

Recently an independent two- loop calculation of the asGprnf relation between pole- 
and MS-mass in the framework of the full electroweak theory was presented IHj in closed 
analytical form for arbitrary Higgs- and non-vanishing W^-mass. This constitutes an im- 
portant ingredient for many three-loop calculations of order 0{a'^as), where the validity of 
the approximation -C mf is doubtful. Furthermore it provides an independent check 
of the corresponding relation obtained in [7] with the help of expansion methods. The 
special case — > was subsequently given in jT2I. The purpose of this brief note is to 
clarify the relation between the two seemingly different results. 
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Figure 1: One- and two-loop tadpole contributions to the self-energy. 

The renormalized self-energy of a massive fermion with pole mass M in the on-shell 
scheme at one-loop order can be written as (we ignore complications arising from the Dirac 
structures involving 75) 

s^^(p) = Mv) - Mv) l^=M - ^'^^ \i>=M , (1) 

where Eg is the bare self-energy. One immediately finds that all momentum independent 
contributions, in particular those from tadpole-diagrams, cancel by construction. The same 
cancellation of momentum independent terms occurs at the two-loop level, where in 
also mixed products of one-loop contributions have to be considered. 

In the MS schemes one just subtracts the singular part of the Laurent expansion in 
e = (c? — 4)/2 plus possibly some constant term specific for the scheme. In this case we 
have 

E^S(p) = So(p) - So(p)div+con.t . (2) 

As a consequence, the prescription how to subtract constant terms does affect the definition 
of the MS-mass. One such constant contribution to So arises from the Higgs tadpole 
diagrams (see Fig. [T)). In [HI [T2] these tadpole diagrams were included in the definition 
of the MS-mass and their contribution remains present in the final result for the MS- 
pole-mass relation. In contrast, throughout the calculation in [71 |HI the vanishing of the 
Higgs tadpole was used as one of the renormalization conditions (see e.g. [12] Eq. (3.4)). 
Therefore these tadpoles were absent in the definition of the MS-mass and, correspondingly. 
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in the evaluation of the diagrams relevant for the p-parameter, as required for a consistent 
result. (For early discussions of this issue at the one- and two-loop level see e.g. 

Since the strategy for the evaluation of the Feynman amplitudes is entirely different in 
[TT1IT2] compared to |ZiL8| (expansions vs. closed analytic formulae), a comparison between 
the two results seems desirable. We therefore include the Higgs tadpole diagrams in the 
calculation of the MS top quark mass mj^tadp based on [71 |H] . The impact of the tadpole 
diagrams shown in Fig. [T] is given by the ratio between mj^tadp and notadp calculated for 
IHIHl. In order 0{asGpm^) it reads 



»^t,tadp(/i) 
^t,notadp 



, 3Mff M/ 3M?r , Mfr 

l + Xt{--^+ 4iV,^ + log ^ 
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where Mh and Mf are pole (on-shell) masses and the gaugeless limit has been employed. 

Equation Q can now be used to compare the two-loop relations between the MS and 
the pole mass based on [TTl [T2] and [71 [H] respectively. This relation can be written as 



M 



7r 



X, = %^^3xl0-^ 



(4) 
(5) 




Figure 2: The two-loop coefficient C^"'"^^^ including the tadpole terms. The solid line 
represents the analytical result, the dashed line the expansion in the large Mh limit, the 
dash-dotted line the expansion around Mh = Mt. All expansions are performed to fifth 
order. 
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Figure 3: Ratio between expanded and analytic results in the scheme with (left figure) 
and without (right figure) tadpoles. The dashed line corresponds to the expansion in the 
large Mu limit, the solid line to the expansion around Mu = Mt. 

The coefficients C^^^^ and C^"""^"^ depend on the prescription. In the gaugeless limit they 
are functions of Mfj/M^ only. 

The result for the tadpole terms separately exhibits a power law behaviour in the limit 
Mfj/M^ —>■ and the limit M^/Mfj whereas the complete result without tadpoles 
remains finite for M]j/M^ —>■ 0. Using Eq. (jS)) we find agreement between the results of 
[3 IHj and [m [12] . This is demonstrated in Fig. |2l where we present the results for the 
two-loop coefficient in the gaugeless limit employing the definition which includes 

the tadpole terms. 

The corresponding ratios between the expanded and the analytic results are shown in 
Fig. El for both schemes (with and without tadpoles). From this comparison it is evident 
that the two calculations jTl |H] and [TTJ |T2] do agree for the relation between pole- and MS- 
mass after compensating for the tadpole contributions, and that the expansion with five 
terms give an excellent approximation to the analytic result with less than 10% deviation 
at most and negligible deviation for the physically interesting range of the Higgs mass. In 
particular the agreement between the expansion around Mh = Mt and the analytic result 
for small Mh is remarkable, as already observed in [7j. 

It is also instructive to compare the result obtained in the gaugeless limit with the one 
[TT] obtained in the full electroweak theory with nonvanishing M^. In it was shown 
that this difference is given by the following expression 

^tTadp(^t)-madp(M,) ^ _ Q_429i64^C, 

Mt Xt Att ^ 



M]j\ An ^ 



2 Mt^ V M^ J A Mf \ M^ 



The two-loop coefficients are compared in Fig. EJ The deviation is small and does not 
exceed 10% for Mh > lOOGeV. 
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Figure 4: Comparison between (7^"""^*^ evaluated in the full electroweak theory and the 
gaugeless approximation. In the left figure, the solid line represents full electroweak theory, 
the dashed line the gaugeless limit. In the right figure, the ratio between the results in 
the full electroweak theory and the gaugeless limit for the two-loop coefficient C*^"'"^*^ is 
shown. 

Summary: The difference between [71 |H] and fn\ IT^ results from the exclusion of 
tadpole diagrams, which do not contribute to physical observables in the on-shell scheme. 
The results based on expansions around Mfj = Mt and the limit of large Mh [Z| are in 
perfect numerical agreement with the analytic results fT]^]. The influence of non-zero 
Mvi/-mass terms is below 10% for Mh > lOOGeV, the region of interest for phenomenology. 
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